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Abstract
We consider the Thermofield Dynamics bosonization to perform a field theory analysis of the effective La-
grangian model for incommensurate charge density waves (ICDW) in one-dimensional systems at finite tem-
perature. The phonon degree of freedom is carryied by a dynamical phase field, contributing to the quantum
dynamics and symmetry related features of the ICDW phenomenon. The electron chiral density and the phase
of the phonon field condensate as a thermal soliton, carrying the symmetry under the linked electron-phonon
U5e (1)⊗Uph(1) global transformations. Using the Gell’Mann-Low formula for finite temperature, the perturbative
series of the phonon thermal correlation function is obtained. Due to the electron-phonon charge selection rule
we obtain for the thermal vacuum expectation value for the order parameter 〈0(β)|Φ|0(β)〉 = 0, in accordance
with the cluster decomposition property of the corresponding correlation function. This reflects the fact that the
quantum description of the ICDW corresponds to a local charge transport through the lattice which is accom-
plished by an electron-lattice energy redistribution, which accounts for a thermal dynamical mass gap generation.
The electron-phonon coupling can be rewritten in terms of a mass operator for the ”physical” fermion operator
Ψ such that 〈0(β)|Ψ¯(x)Ψ(x)|0(β)〉 6= 0, without the breakdown of the linked electron-phonon symmetry.
1 Introduction
An impressive effort has been made by many physicists along several years to understand the underlying properties
of quantum field theories in two-dimensions [1], as well as to picture these models as theoretical laboratories to
obtain insight into more realistic four-dimensional field theory. More recently, attention have been paid to apply
these models to low-dimensional condensed matter systems([2]-[14]).
The formation and acceleration of ICDW in low-dimensional systems [4, 9, 6, 8, 10] has been described in terms
of an underlying chiral symmetry of the electron-phonon system. Since the CDW transport features can be pictured
as essentially a one-dimensional phenomenon, even for two- or three-dimensional structures [4], quantum field theory
methods in 1+1 dimensions (specially bozonization of fermions) have been applied to study the effective Lagrangian
models for the charge density waves systems ([5]-[14]).
The interest for CDW transport phenomena within field theoretical settings in condensed matter physics has
gained recently new endorsements, and remains attracting attention. In the study of carbon nanotubes [15], two-
dimensional field theory, similar to that one dealt with here, raises the question, whether a phonon field needs
to be taken into account for the proper computation of finite temperature contributions to the electrical behavior
1
and vacuum structure of carbon nanotubes. Also, mixed states in ICDW with three dimensional order have been
described in [16] via a formalism that parallels the chiral decomposition employed in [5].
The field theoretical models have been used [17] with Lorentz-like variables for the description of the quantum
Hall effect in one-dimensional systems. The holographic CDW formalism has been developed recently [18] which
leads to a commensurable CDW on the frontiers and which is described by a model quite similar to that one discussed
here. In a different perspective, massless modes in cosmic strings are treated by field theoretical methods keeping
close analogy to condensed matter systems descriptions [19]. This approach leads to two-dimensional fermions
interacting with complex scalar fields.
The bosonization of fermions has proven in the past to be a very useful technique for solving quantum field
theoretic models in 1+1 dimensions [1]. In a previous paper [12] a field theory analysis for the effective Lagrangian
approach to ICDW in quasi-one-dimensional systems was presented using the standard bosonization formalism.
The effective electron-phonon Lagrangian for the ICDW exhibits symmetry under the linked electron-phonon
U5e (1)⊗Uph(1) transformations. This extended symmetry transformation that couples the electron and phonon fields
acts as the underlying mechanism that allows for the ICDW to emerge as a collective excitation of the electron-
phonon system. The description of the dynamical collective phenomena of the electron-phonon system, and its
related symmetry aspects, is performed using an approximation in which the fluctuations of the phonon amplitude
mode are disregarded and only the fluctuations of the phase of the order parameter contributes to the quantum
dynamics. The amplitude of the phonon field is frozen, which we call dynamical phonon phase approach. This
provides a good approach for describing low energy processes. In this case, instead of considering both the amplitude
and the phase of the order parameter as slowly varying fields [6], we assume that! only the space-time variations of
the amplitude can be neglected. This approximation affects deeply the description of the ICDW phenomenon and
enables the ICDW to appear as a collective excitation of the combined motion of both the electrons and lattice ions.
The phase of the phonon field and the phase of the bosonized electron chiral density condensate as a “soliton” order
parameter, which is neutral under the linked U5e (1) ⊗ Uph(1) global charge transformation. The electron-phonon
condensate leads to a periodic sine-Gordon potential that represents a dynamically generated mass gap without the
corresponding chiral symmetry breakdown.
The purpose of the present paper is to discuss the dynamical gap generation and the role played by the electron-
phonon linked symmetry at finite temperature. To this end we shall follow the same approach of refs. [12, 13, 14],
to provide a brief discussion of the Lagrangian description of ICDW phenomenon at finite temperature using
the bosonization of Fermi fields within the thermofield dynamics formalism [21], the “thermofield bosonization”
introduced in refs. [26, 27, 28]. Using the dynamical phase phonon approximation and within the finite tem-
perature context, the ICDW can be pictured as an electron-phonon collective phenomenon in which the charge
wave propagates together with a topological thermal soliton carrying a topologically conserved charge. The linked
Uph(1)⊗ U5e (1) selection rule associated with this thermal collective excitation ensures the appearance of a energy
gap without the breakdown of the corresponding symm! etry.
The paper is organized as follows: In Section 2 we present the formal aspects of the thermofield dynamics
approach for the effective Lagrangian of the ICDW using the thermofield bosonization point of view. In Section 3
we use the perturbative expansion to obtain the phonon two-point function. Some details of the computations are
presented in Appendix A. Also, we obtain the electron-phonon selection rule that ensures for the thermal vacuum
expectation value for the phonon field 〈0(β)|Φ|0(β)〉 = 0, in accordance with the cluster decomposition for the
thermal phonon two-point function. Finally, in section 4 we present the conclusion and final remarks concerning
the dynamical mass gap generation and the ”anomaly” effect due to the introduction of an external electric field.
2 Thermofield Dynamics Approach
The ”fenomenological” effective Lagrangian model for ICDW is obtained from the Fro¨hlich Lagrangian [20] of
interacting electron-phonon system by linearizing the electron espectrum near the Fermi level, taking into account
incommensurability by neglecting terms involving the wave-function phase factors, that depends on the Fermi
momenta Q = 2pF (which is incommensurate with lattice spacing), and neglecting the acoustic part of the phonon
field [7, 8, 9] is given by 1
1Our conventions are: h¯ = c = 1
gµν =
(
1 0
0 1
)
, ǫµν =
(
0 1
−1 0
)
, γ0 =
(
0 1
1 0
)
, γ1 =
(
0 1
−1 0
)
, γ5 = γ0γ1, γµγ5 = ǫµνγν ,
2
L = i ψ†ℓ
(
∂t − vF ∂x
)
ψℓ + i ψ
†
r
(
∂t + vF ∂x
)
ψr(x) + λ0Φ
∗
(− ∂2t + v2Q∂2x − ω20)Φ+G0(Φψ†rψℓ +Φ∗ψ†ℓψr) , (2.1)
where λ0 is the linear density of the ion masses (which for simplicity we shall consider equal to one) and G0 is
the electron and lattice phonon modes scattering coupling constant. Here ω0 is the optical phonon frequency ω(Q)
at Q = 2pF and v
2
Q = ω
2
0/2. Defining x
µ = (x0, x1)
.
= (t, x/vF ), ψ
′ = v
1/2
F ,Φ
′ = v
1/2
F Φ, rescaling the electron-
phonon coupling constant G = v
−1/2
F G0, and streamlining the notation by dropping “primes” everywhere, the
electron-phonon Lagrangian (2.1) can be written as a two-dimensional “relativistic” field model
L = ψiγµ∂µψ − Φ∗∂2aΦ− ω20Φ∗Φ +G
(
Φψ†rψℓ +Φ
∗ψ†ℓψr
)
, (2.2)
where
∂2a = ∂
2
0 − a2∂21
with a = vQ/vF . In what follows we shall discuss the “Lorentz invariant” case in which a = 1 and ∂
2
a becomes
the usual D’Alembert operator ∂2 = ∂µ∂
µ. The Lagrangian (2.2) is invariant under the linked electron-phonon
U5e (1)⊗ Uph(1) global transformations
ψ′(x) = eiγ
5 κ
2 ψ(x) ,
Φ′(x) = e− iκΦ(x) .
The effective Lagrangian (2.1) is given in terms of the phonon field Φ(x) and the Fermi field ψ(x), from which
the Hilbert space H is builded . The starting point of the thermofield dynamics formalism is the doubling of the
Hilbert space [21, 22, 23, 24, 25] by introducing the “tilde” fields Φ˜(x) and ψ˜(x). At T = 0, the tilde fields lives in
the Hilbert space H˜ and are independent identical copies of the original fields Φ(x), ψ(x) ∈ H. The total Lagrangian
is given by
L̂ = L − L˜ , (2.3)
where the “tilde” operation in (2.3) is defined by ˜(cΦ(x)) = c∗Φ˜(x). The Lagrangian (2.3) is invariant under the
extended
[
U5e (1)⊗ Uph(1)
]× [U˜5e (1)⊗ U˜ph(1)] transformations.
We shall assume that only the space-temporal variations of the phonon amplitude ρ(x) are neglected, ∂ρ ≈ 0
[12, 13], such that the description of dynamical collective phenomenon is in terms of the dynamics of the order-
parameter phase only. This approach is expected to be consistent in describing finite temperature effects as long
as the temperature is not so high in order to excite the amplitude modes of the phonon field. In the range of
temperatures (β−1 = KT ) smaller than the range of the phonon optical frequencies, the amplitude fluctuations
do not play an importante role and the collective phenomenon can be described in terms of the dynamics of the
phase only [4]. In this case the phase ϕ(x) is considered a dynamical degree of freedom, that contributes to the
quantum dynamics of the ICDW system. This approximation displays several aspects of the linked electron-phonon
symmetry that enables the ICDW to a! ppear as a collective transport phenomenon due to the combined motion
of both electrons and lattice ions.
To begin with, at T = 0, we shall introduce the phonon field in terms of the infrared regularized Wick normal-
ordered exponential of the field phase ϕ(x) (for simplicity in what follows we shall consider the amplitude ρ(x) = ρ0
and α defines the value of the scale dimension of the exponential operator) [12, 13]
Φ(x) = ρ0
(
µ
)α2
4π :e iαϕ(x): , (2.4)
Φ˜(x) = ρ0
(
µ
)α2
4π :e iαϕ˜(x): . (2.5)
The bosonized Fermi field is given in terms of the Mandelstam [31] formula
ψ(x) =
(
µ
) γ2
8π :e
i γ5 γ2 η(x) +
2π
γ
∫∞
x dz
1 ∂0η(z) : , (2.6)
∂/ = γµ∂µ, (∂µφ)
2 ≡ ∂µ∂
µ , ψ =
(
ψℓ
ψr
)
, ψ¯ = ψ†γ0 .
3
ψ˜(x) =
(
µ
) γ2
8π :e
i γ5 γ2 η˜(x) +
2π
γ
∫∞
x
dz1 ∂0η˜(z) : , (2.7)
and the bosonized fermion chiral densities [26, 27, 28, 29, 31] are given by
...ψ∗ℓ (x)ψr(x)
... = J(x) =
( µ
2π
) γ2
4π :e i γ η(x): , (2.8)
... ψ˜∗ℓ (x)ψ˜r(x)
... = J˜(x) =
( µ
2π
) γ2
4π :e i γ η˜(x): . (2.9)
The canonical case corresponds to γ = 2
√
π. The Lorentz spin is Sψ = (γ/2)(2π/γ) = 1/2. Notice that the
bosonized expression (2.7) for the Fermi field ψ˜, as well as for the phonon fields (2.29), are not obtained from
the corresponding expression (2.6) for the field ψ and expression (2.4) for the field Φ, by the “tilde conjugation
operation” of the Wick-ordered exponential operators. We shall return to this point later. The dots :( · · · ): mean
normal ordering defined with respect to the positive- and negative-frequency parts ϕ(±)(x) and the parameter µ is
an infrared (IR) regulator 2. Computing the kinetic and mass terms of the phonon field in the Lagrangian (2.2) using
the Wilson short-distance expansion [12] (here VEV stands for the vacuum expectation value of the corresponding
point-splitted operator product and Z is a ”wave function” renormalization constant),
:∂µΦ(x)∂µΦ
∗(x):
.
= lim
ε→0
1
2
{
Z−1(ε)
[
∂µΦ(x+ ε)∂
µΦ∗(x) + ∂µΦ(x)∂
µΦ∗(x+ ε)
]− V.E.V }
and similarly for the phonon “mass term”, we get for the corresponding total free Lagrangian piece [12]
L̂(0)ph (x) =
ρ
2
:(∂µϕ(x))
2: − ρ
2
:(∂µϕ˜(x))
2: , (2.10)
where ρ = αρ0ω0 [12]. Taking this into account, performing a new rescaling ψ
′ = ρ−1ψ of the electron field, using
the bosonized correspondence for the fermionic kinetic term
iψ¯(x)γµ∂µψ(x) =
1
2
:(∂µη(x))
2: ,
and streamlining the notation by dropping “primes” everywhere, we obtain the bosonized effective Lagrangians
L = 1
2
:(∂µη(x))
2:+
1
2
:(∂µϕ(x))
2:+G
( µ
2π
) γ2
4π
: cos[γη(x)− αϕ(x)]: , (2.11)
L˜ = 1
2
:(∂µη˜(x))
2:+
1
2
:(∂µϕ˜(x))
2:+G
( µ
2π
) γ2
4π
: cos[γη˜(x)− αϕ˜(x)]: . (2.12)
In the bosonized version of the model, the electron-phonon transformations are mapped into the field shifts
η(x)→ η(x) + κ
γ
, ϕ(x)→ ϕ(x) + κ
α
.
The currents that generate the U5e (1) and Uph(1) transformation are obtained from the Wilson expansions
jµ5e (x)
.
=
...ψ¯(x)γµγ5ψ(x)
... =
1
2
lim
ε→0
ε2<0
f(ε)
{
ψ¯(x+ ε)γµγ5ψ(x) − V.E.V.} ,
2The regularization is needed in order to have a well defined exponential field operator. This is due to the fact that the two-dimensional
free massless scalar field is not well defined by itself due to the infrared divergence of the corresponding two-point ! function,
〈0|ϕ(x)ϕ(0)|0〉 = −
1
4π
ln{−µ2 x2 − iǫ} .
At T = 0 one has an infrared cut-off independent two-point function,
〈0|Φ(x)Φ∗(0)|0〉 =
(
− x2 − iǫ
)− α2
4π .
4
jµph(x) =
i
2
lim
ε→0
ε2<0
F (ε)
{
Φ∗(x + ε)∂µΦ(x)− ∂µΦ∗(x)Φ(x + ε) − V.E.V.},
similarly for the tilde currents, and we get
jµ5e (x) = ǫ
µνjeν(x) = − γ
2π
∂µη(x) , (2.13)
j˜µ5e (x) = +
γ
2π
∂µη˜(x) , (2.14)
jµph(x) = −
α
2π
∂µϕ(x) , (2.15)
j˜µph(x) = +
α
2π
∂µϕ˜(x) . (2.16)
Although the currents Jµ5e and j
µ
ph are not conserved we can define the current
Iµ(x) .= α
γ
jµ5e (x) +
γ
α
jµph(x) , (2.17)
such that
∂µIµ(x) = 0 , (2.18)
as required by the equations of motion of the Bose fields η and ϕ. Similary one has for the tilde current ∂µI˜µ = 0.
It should be stressed that the equivalence between the mass operator ψ¯(x)ψ(x) and the sine-Gordon operator
: cosγη(x) : is obtained on the basis of the short distance expansion valid for massless free theory, that is, in order
to the “massive” theory has the free model as short distance fixed point, one must requires for the scale dimension
of the mass operator [29]
D
ψ¯ψ
= γ2/4π < 2 .
If this inequality is violated, for short distances one will be driven away from the fixed point [29]. In order to discard
the Thirring coupling in (2.6) [29, 30, 31] we shall consider the canonical case
γ2 = α2 = 4π .
Let us comment the physical interpretation for the fact that the bosonized expression (2.7) for the field ψ˜ (as
well as for Φ˜) is not obtained from the corresponding expression (2.6) for the field ψ by the “tilde conjugation
operation”. In Thermofiled Dynamics formalism, the fictitious “tilde” system should be an identical copy of the
system under consideration, which implies that the field ψ˜ should be an identical copy of ψ, and thus carrying
the same charge and chirality quantum numbers. At T = 0, we have the expression for the two-dimensional free
massless scalar field [26, 27]
ϕ(x) =
∫ +∞
−∞
(dp)
(
fp(x)a(p
1) + f∗p (x)a
†(p1)
)
,
ϕ˜(x) =
∫ +∞
−∞
(dp)
(
f∗p (x)a˜(p
1) + fp(x)a˜
†(p1)
)
,
where
(dp) =
dp1√
4π|p1| ,
and
fp(x) = e
−ipµxµ .
The two-dimensional free and massless scalar field can be decomposed in terms of the left- and right-moving fields
(x± = x0 ± x1 ),
φ(x) = φ(x+) + φ(x−) ,
and the corresponding two-point functions are computed with respect to the Fock vacuum state |0, 0˜〉 = |0〉 ⊗ |0˜〉,
5
〈0|ϕ(x±)ϕ(0)|0〉 = − 1
4π
ln[iµ(x± − ix0ǫ)] ,
〈0˜|ϕ˜(x±)ϕ˜(0)|0˜〉 = − i
4
− 1
4π
ln[iµ(x± + ix0ǫ)] .
One has the equal-time commutation relations
[ϕ(x), ∂0ϕ(y)] = i δ(x
1 − y1) ,
[ϕ˜(x), ∂0ϕ˜(y)] = − i δ(x1 − y1) .
The canonical momenta are
π(x) = ∂0ϕ(x) ,
π˜(x) = −∂0ϕ˜(x) ,
in such a way that the canonical equal-time commutation relations are given by
[ϕ(x), π(y)] = iδ(x1 − y1) ,
[ϕ˜(x), π˜(y)] = iδ(x1 − y1) .
The dynamical equations are
∂0ϕ(x) = − i [ϕ(x), H ] = − i [ϕ(x), Ĥ ] ,
∂0ϕ˜(x) = i [ϕ˜(x), H˜ ] = − i [ϕ˜(x), Ĥ ] ,
where the total Hamiltonian Ĥ = H − H˜ is the generator of time evolution of the combined system. Since the
charges are defined as the space integral of the zero components of the currents, one has
[Qe, ψ(x)] = −ψ(x) , [Q5e, ψ(x)] = −γ5 ψ(x) ,
[Q˜e, ψ˜(x)] = − ψ˜(x) , [Q˜5e, ψ˜(x)] = −γ5 ψ˜(x) ,
and analogously for the commutation relations of the phonon fields with Qph and Q˜ph. This commutation relations
are invariant under a unitary transformation and thus will be retained at finite temperature [25]. This explain the
prescription for defining the ”tilde” Wick-ordered exponential operators.
We shall work in the interaction picture in order to introduce temperature (β = 1/kT ) using the thermofield
dynamics approach, and to compute the perturbative expansion for the phonon-phonon thermal correlation function.
The thermal vacuum state |0(β)〉 is given by [21, 25]
|0(β)〉 = U [θ] |0˜, 0〉 . (2.19)
Denoting by a†(p1) (a(p1)) the creation (annihilation) operator for the bosonic field ϕ(x) and by b†(p1)(b(p1)), the
corresponding operators for the field η(x), the unitary operator taking one to the bosonic thermofields is given by
U [θ(β)] = e−
∫ +∞
−∞
(
[a˜(p1)a(p1) − a†(p1)a˜†(p1)] + [ b˜(p1)b(p1) − b†(p1)b˜†(p1) ]
)
θ(|p1|;β) dp1
, (2.20)
and the Bogoliubov parameter θ(|p1|, β) is implicitly defined by
sinh θ(|p1|;β) = e
−β|p1|/2
√
1 − e− β |p1| , (2.21)
cosh θ(|p1|;β) = 1√
1 − e−β |p1| , (2.22)
with the Bose-Einstein statistical weight given by
6
N (|p1|;β) = sinh2 θ(|p1|, β) = 1
1 − e−β |p1| . (2.23)
The bosonic annihilation operators d(p1) and d˜(p1) transform according with (for more details see Refs. [21, 26,
27, 28])
d(p1;β) = U [−θ(β)] d(p1)U [θ(β)] = b(p1) cosh θ(|p1|;β)− b˜†(p1) sinh θ(|p1|;β) (2.24)
d˜(p1;β) = U [−θ(β)] d˜(p1)U [θ(β)] = b˜(p1) cosh θ(|p1|;β)− b†(p1) sinh θ(|p1|;β) . (2.25)
The vacuum state at finite temperature satisfies
d(p1;β)|0(β)〉 = 0 , d˜(p1;β)|0(β)〉 = 0 .
Decomposing into creation and anihilation parts, at finite temperature one has
φ(x±;β) = φ(+)(x±;β) + φ(−)(x±;β) ,
φ˜(x±;β) = φ˜(+)(x±;β) + φ˜(−)(x±;β) ,
where (p = |p1|)(
φ(+)(x±;β)
φ˜(+)(x±;β)
)
=
∫ ∞
0
(dp)
(
fp(x
±)d(−p) cosh θ(p;β)− f∗p (x±)d˜(−p) sinh θ(p;β)
f∗p (x
±)d˜(−p) cosh θ(p;β)− fp(x±)d(−p) sinh θ(p;β)
)
, (2.26)(
φ(−)(x±;β)
φ˜(−)(x±;β)
)
=
∫ ∞
0
(dp)
(
f∗p (x
±)d†(+p) cosh θ(p;β) − fp(x±)d˜†(+p) sinh θ(p;β)
fp(x
±)d˜†(+p) cosh θ(p;β) − f∗p (x±)d†(+p) sinh θ(p;β)
)
. (2.27)
The thermofield Wick-ordered exponential E(x;β) of the free massless field φ(x;β) is given by [26, 27, 28]
E(x;β) = U(−θ)E(x)U(θ) = e−λ
2
2π z (µ, β) :ei λ φ(x;β): ,
(the same for the exponential of φ˜) where z (µ;β) is the infrared divergent integral [26, 28, 28] with µ an IR regulator.
For a fixed finite temperature, the divergent terms in the asymptotical limit µ→ 0 are
z (µ;β) =
∫ ∞
µ
dp
p
(
eβ p − 1 ) ≈
π
β µ
+
1
2
ln
(βµ
π
) ≡ f (µ, β) + 1
2
ln
(βµ
π
) . (2.28)
Taking this into account, we can write the regularized thermal phonon fields (2.4) -(2.5) as
(
Φ(x;β)
Φ˜(x;β)
)
=
(
µ)
α
4π e− α
2
2π z (µ, β)
(
:e i αϕ(x;β):
:e i α ϕ˜(x;β):
)
=
(
2β
)− α24π
e− α
2
2π f (µ;β)
(
:e i αϕ(x;β):
:e i α ϕ˜(x;β):
)
. (2.29)
In the same way, the IR regularized thermal fermion chiral densities are(
J(x;β)
J˜(x;β)
)
=
(
2β
)− γ24π e− γ22π f (µ, β) ( :e iη(x;β):
:e iη˜(x;β):
)
. (2.30)
At finite temperature the electron-phonon total interaction Lagrangian is then given by
L̂I(z;β) = G′
[β
π
e2f (µ, β)
]−D{
: cos
(
γη(z;β)− αϕ(z;β)):− : cos (γη˜(z;β)− αϕ˜(z;β)):} , (2.31)
with G′ = G
(
4π2
)− γ2
4π and
D =
(α2 + γ2)
4π
,
is the scale dimension of the electron-phonon interaction term.
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3 Thermal correlation function and the electron-phonon selection rule
In order to display the electron-phonon selection rule associated with the
(U5e (1) ⊗ Uph(1)) × (U˜5e (1) ⊗ U˜ph(1))
symmetry at finite temperature, we shall compute the thermal phonon two-point function. Since we are working in
the interaction picture, the thermal 2-point function is given by the perturbative Gell’Mann-Low formula at finite
temperature [25, 27, 28]
〈0(β)|T
(
Φ(x)Φ∗(y)
)
|0(β)〉 =
〈0, 0˜|T
(
Φ(x;β)Φ∗(y;β) e i
∫ L̂I(z;β)d2z)|0˜, 0〉
〈0, 0˜|Te i
∫ L̂I(z;β)d2z |0˜, 0〉 , (3.32)
where T (· · ·) means time-ordered product and the total interaction Lagrangian is given by (2.31). We denote the
thermal vacuum-vacuum amplitude by
N(β;µ)
.
= 〈0, 0˜|Te i
∫ L̂I(z;β)d2z |0˜, 0〉 . (3.33)
The limit of the IR cutoff µ→ 0 is performed at the end of all computations. As we shall see, the electron-phonon
selection rule enables one to obtain a finite perturbative expansion for the thermal two-point function independent
of the IR cutoff
lim
µ→0
〈0(β)|Φ(x)Φ∗(y)|0(β)〉 6= 0 . (3.34)
In order to have control on the origin of the cut-off dependent terms in the perturbative expansion we use the
notation
Φ(x;β) =
(
2β
)− α2x4π
e−
α2x
2π f (µ;β) Σ(x, αx;β) , (3.35)
Φ˜(y;β) =
(
2β
)− α2y4π
e−
α2y
2π f (µ;β) Σ˜(y, αy;β) , (3.36)
Σ(x, αx;β) = :e
iαxϕ(x;β) , (3.37)
Σ˜(x, αx;β) = :e
iαxϕ˜(x;β) , (3.38)
W (z, λ;β) = :e i λ
(
γη(z;β)− αϕ(z;β)
: , (3.39)
W˜ (z˜, λ˜;β) = :e i λ˜
(
γη˜(z˜;β)− αϕ˜(z˜;β)
: , (3.40)
with λ, λ˜ = ±1. Using the fact that two thermal fields Φ(x;β) and Φ˜(y;β) commute 3, expanding the exponential of
the interaction Lagrangian in eq. (3.32) in a power series of the electron-phonon coupling constant G′ (se Appendix
A for more details) we can write the general expression for the thermal phonon 2-point function as
〈0(β)|TΦ(x)Φ∗(y)|0(β)〉 = 1
N(β, µ)
∞∑
n=0
(2iG′
2
)n ∑
m,m˜
δm+m˜,n
m!m˜!
(−1)m˜×
∫ m∏
ℓ=1
d2dzℓ
∫ m˜∏
k=1
d2z˜k ×
∑
{λℓ}m
∑
{λ˜k}m˜
G(m,m˜)(z, λ, z˜, λ˜, D;β)F (m,m˜)(x, αx, y, αy, z, λ, z˜, λ˜, γ;β) , (3.41)
where λℓ, λ˜k = ±1, and
∑
{λℓ}m
(∑
{λ˜k}m˜
)
runs over all possibilities in the set {λ1, · · · , λm}
({λ˜1, · · · , λ˜k}) and
G(m,m˜)(z, λ, z˜, λ˜, D;β) =
[
2βef (µ;β)
]−D(∑mℓ λℓ −∑m˜k λ˜k)2
e
2iπD
∑m˜
k′,k λ˜kλ˜k′×
3The commutation relations at zero temperature are retained at finite temperature [25, ?].
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m∏
ℓ′>ℓ
[
Ω(zℓ − zℓ′ ;β)
]Dλℓ′λℓ m˜∏
k′>k
[
Ω˜(zk − zk′ ;β)
]Dλ˜k′ λ˜k m∏
ℓ=1
m˜∏
k=1
[
Ω(zℓ − zk − iβ
2
)
]−Dλℓλ˜k
, (3.42)
F (m,m˜)(x, αx, y, αy, z, λ, z˜, λ˜, γ;β) =
(
2β
)− (αx−αy)24π
e−
(α2x−α
2
y)
2π f (µ, β)
[
Ω(x− y;β)
]−αxαy4π ×
m∏
j=1
[
Ω(x−zj ;β)
]−αxα4π λj m˜∏
k=1
[
Ω(x− z˜k− iβ
2
)
]αxα
4π λ˜k
m∏
j=1
[
Ω(y−zj;β)
]−αyα4π λj m˜∏
k=1
[
Ω(y− z˜k− iβ
2
)
]αyα
4π λ˜k
. (3.43)
The terms in Eq. (3.42) are those that contribute to the thermal vacuum-vacuum amplitude N(β, µ) (3.33) and in
the limit µ→ 0 the only non-zero contributions are those with satisfy the selection rule
m∑
ℓ=1
λℓ −
m˜∑
k=1
λ˜k = 0 . (3.44)
This result just manifests the conservation of the total electron-phonon charge generating the
(
U5(1)e ⊗U(1)ph
)×(
U˜5(1)e ⊗ U˜(1)ph
)
composite symmetry of the interaction Lagrangian, which also implies for the thermal vacuum-
vacuum amplitude
lim
µ→0
N(β, µ) = N(β) .
The Uph(1) invariant phonon two-point function corresponds to set αx = αy = α, such that the Eq. (3.43)
is finite, and the two-point function (3.41) is finite independent of the infrared cut-off µ. However, if we set
αy = 0, αx = α, one formally obtains the thermal one-point function and in the limit µ→ 0 one has
lim
µ→0
〈0(β)|Φ(x)|0(β)〉 = 0 ,
implying that the Uph(1) symmetry is not broken, which is in accordance with the cluster decomposition property
lim
ζ→∞
ζ2<0
〈0(β)|Φ(x)Φ∗(x+ ζ)|0(β)〉 = ∣∣∣∣〈0(β)|Φ(x)|0(β)〉∣∣∣∣2 = 0 .
In the same way one may compute the general mixed correlation functions involving the phonon fields (Φ,Φ˜)
and the electron chiral densities (J ,J˜).
4 Concluding Remarks
We used the Thermofield Dynamics and the Thermofield bosonization to discuss the symmetry aspects of the
Lagrangian model of the ICDW by assuming a dynamical phase phonon approach. This leads to thermal periodic
sine-Gordon potential at finite temperature. This potential is responsible for the mass gap generation, a phenomenon
well known for long time to occur in several two-dimensional quantum field models, such as the chiral Gross-Neveu
model [1, 32, 30].
The dynamical generation of a mass gap in the ICDW can be viewed as follows: Rename the fields
η = φ1 , η˜ = φ˜1 ,
ϕ = φ2, ϕ˜2 = φ˜2 ,
introducing a new Fermi field specie ψ2, ψ˜2 in terms of the Mandelstam representation (2.6) for φ2 and φ˜2, the
fermion operators (2.6) are ψ = ψ1 and ψ˜ = ψ˜1 and the phonon fields can be written in terms of a chiral condensate
of the fermions ψ2 and ψ˜2
Φ(x) = :ψ2†ℓ (x)ψ
2
r (x): ,
Φ˜(x) = :ψ˜2†ℓ (x)ψ˜
2
r (x): .
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The conserved currents generating the extended linked electron-phonon symmetry can be written as (α = γ = 2
√
π)
Iµ(x) = jµ5e (x) + jµph(x) = −
1√
π
∂µ
(
φ1(x) + φ2(x)
)
= −
√
2
π
∂µφ+(x) ,
I˜µ(x) = j˜µ5e (x) + j˜µph(x) =
1√
π
∂µ
(
φ˜1(x) + φ˜2(x)
)
=
√
2
π
∂µφ˜+(x) ,
with ∂µIµ(x) = ∂2φ+(x) = 0, the same for the tilde current, where we have introduced the independent fields
φ±(x) =
1√
2
(
φ1(x)± φ2(x)) ,
φ˜±(x) =
1√
2
(
φ˜1(x)± φ˜2(x)) .
In terms of these fields, the bosonized effective Lagrangians (2.11)-(2.12) at finite temperature can be written as
L(x;β) = 1
2
:
(
∂µφ
+(x;β)
)2
:+
1
2
:
(
∂µφ
−(x;β)
)2
:+G
( µ
2π
)
: cos
(√
8πφ−(x;β)
)
: ..
L˜(x;β) = 1
2
:
(
∂µφ˜
+(x;β)
)2
:+
1
2
:
(
∂µφ˜
−(x;β)
)2
:+G
( µ
2π
)
: cos
(√
8πφ˜−(x;β)
)
: ,
which corresponds to the bosonized version of the chiral Gross-Neveu model with two fermion species [32, 12]
generalized for finite temperature
LGN (x;β) =
2∑
j=1
:ψ¯j(x;β)iγµ∂µψ
j(x;β):+
g2
2
{
:(ψ¯1(x;β)ψ1(x;β))(ψ¯2(x;β)ψ2(xβ)): − :(ψ¯1(x;β)γ5ψ1(x;β))(ψ¯2(x;β)γ5ψ2(x;β)):} ,
and similary for L˜GN (x;β). In terms of spinor components the GN interaction Lagrangian can be written as
LIGN (x;β) = g2
{
:ψ1∗r (x;β)ψ
1
ℓ (x;β)ψ
2∗
ℓ (x;β)ψ
2
r (xβ): + :ψ
2∗
r (x;β)ψ
2
ℓ (x;β)ψ
1∗
ℓ (x;β)ψ
1
r (xβ):
}
. (4.1)
In terms of the independent Bose fields φ± (φ˜±) the Fermi fields ψj (ψ˜j) with Lorentz spin 1/2 can be decomposed
in terms of two spin 1/4 components
ψj(x;β) = S(x;β) ψˆj(x;β) ,
ψ˜j(x;β) = S˜(x;β)
ˆ˜
ψj(x;β) ,
where the linked electron-phonon selection rule is carried by the fields
S(x;β) =
( µ
2π
) 1
4
:e i
√
π
2 {γ5φ+(x;β) +
∫∞
x1
∂0φ
+(x0, z1;β)dz1} ,
S˜(x;β) =
( µ
2π
) 1
4
:e i
√
π
2 {γ5φ˜+(x;β) +
∫∞
x1
∂0φ˜
+(x0, z1;β)dz1} ,
and the components ψˆj ,
ˆ˜
ψ
j
are given by (j = 1, 2.)
ψˆj(x;β) =
( µ
2π
) 1
4
:e (−1)j+1 i
√
π
2 {γ5φ−(x;β) +
∫∞
x1
∂0φ
−(x0, z1;β)dz1} ,
ˆ˜
ψj(x;β) =
( µ
2π
) 1
4
:e (−1)j+1 i
√
π
2 {γ5φ˜−(x;β) +
∫∞
x1
∂0φ˜
−(x0, z1;β)dz1} ,
with the property
ψˆ1 = ψˆ2∗ ≡ ψˆ .
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ˆ˜
ψ1 =
ˆ˜
ψ
2∗
≡ ˆ˜ψ .
This enables the definition of the fields Ψ and Ψ˜ with spinor components
Ψ =
(
Ψℓ
Ψr
)
≡
(
:ψˆℓψˆℓ:
:ψˆrψr:
)
,
such that the electron-phonon condensate corresponding to the interaction piece can be written as a mass term for
the field Ψ
LI(x;β) = G
(
:Ψ∗r(x;β)Ψℓ(x;β): + :Ψ
∗
ℓ (x;β)Ψr(x;β):
)
= GΨ¯(x;β)Ψ(x;β) ,
and the same for L˜I(x;β). Within the bosonized version of the models and under the dynamical phonon-phase
approximation one has the mapping
Le−ph(x;β) ≡ LGN (x;β) . (4.2)
The electron-phonon symmetry corresponds to the U(1) ⊗ U5(1) symmetry of the underlying Gross-Neveu model
and one has
〈0(β)|Ψ¯(x)Ψ(x)|0(β)〉 6= 0 .
The fact that within the dynamical phonon-phase approach the phonon field ”behaves” like a chiral electron density
enables the appearance of the dynamical energy gap generation even for finite temperature.
In order to conclude, let us make a remark on the introduction of an external electric field
E(x) =
1
2
ǫµνFµν(x) = ǫµν∂µAν(x) .
The external field couples with the electronic field as
L′′(x;β) = −eAµ(x):ψ¯(x;β)γµψ(x;β) = e√
π
η(x;β)ǫµν∂νAµ(x) ,
L˜′′(x;β) = −eAµ(x)¯˜ψ(x;β)γµψ˜(x;β) = − e√
π
η˜(x;β)ǫµν∂νAµ(x) .
In terms of the fields φ± one has
L′′(x;β) = e
√
2
π
{φ+(x;β) + φ−(x;β)}ǫµν∂νAµ(x) .
The field φ+ is no longer a free field and one has the current acceleration equation
∂µIµ(x;β) = − 1√
π
∂2φ+(x;β) =
e
π
E(x) .
At finite temperature, although the total Lagrangian L̂′′(;β) also exhibits the extended linked symmetry under the
linked (U5(1)e⊗U(1)ph)× (U˜5(1)e⊗ U˜(1)ph) transformations, the presence of the external electric potential shares
an anomalous effect analogously to that of zero temperature case. The dynamical mass gap generation and the
anomaly effect remain at finite temperature.
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Appendix A
Perturbative Expansion
Expanding the exponential of the interaction Lagrangian in eq. (3.32) in a power series of the electron-phonon
coupling constant G′, one has
e i
∫
d2zL̂I(z;β) =
11
exp
(
i G′
[β
π
e2f (µ, β)
]−D{∫
d2z: cos
(
γη(z;β)− αϕ(z;β)):− ∫ d2z˜: cos (γη˜(z;β)− αϕ˜(z;β)):}) =
∞∑
n=0
(iG′)n
n!
[β
π
e2f (µ, β)
]−nD{∫
d2z: cos
(
γη(z;β)− αϕ(z;β)):− ∫ d2z˜: cos (γη˜(z;β)− αϕ˜(z;β)):}n =
∞∑
n=0
(iG′)n
n!
[β
π
e2f (µ, β)
]−nD ∑
m,m˜
(n!)δm+m˜,n
m!m˜!
(−1)m˜
( ∫
d2z: cos
(
γη(z;β)− αϕ(z;β)):)m×
( ∫
d2z˜: cos
(
γη˜(z˜;β)− αϕ˜(z˜;β)):)m˜ = ∞∑
n=0
(iG′)n
[β
π
e2f (µ, β)
]−nD ∑
m,m˜
δm+m˜,n
m!m˜!
(−1)m˜×
∫ m∏
ℓ=1
d2zℓ
∫ m˜∏
k=1
d2z˜k
m∏
ℓ=1
: cos
(
γη(zℓ;β)− αϕ(zℓ;β)
)
:
m˜∏
k=1
: cos
(
γη˜(z˜k;β)− αϕ˜(z˜k;β)
)
: =
∞∑
n=0
( iG′
2
)n[β
π
e2f (µ, β)
]−nD ∑
m,m˜
δm+m˜,n
m!m˜!
(−1)m˜
∫ m∏
ℓ=1
d2zℓ
∫ m˜∏
k=1
d2z˜k×
∑
{λℓ}m
∑
{λ˜k}m˜
m∏
ℓ=1
W (zℓ;β, λℓ)
m˜∏
k=1
W˜ (z˜k;β, λ˜k) , (A.1)
where λℓ, λ˜k = ±1, and
∑
{λℓ}m
(∑
{λ˜k}m˜
)
runs over all possibilities in the set {λ1, · · · , λm}
({λ˜1, · · · , λ˜k}).
The 2-point function is now
〈0(β)|T
(
Φ(x;β)Φ∗(y;β)
)
| 0(β)〉 =
1
N(β, µ)
(
2β
)− (α2x+α2y)4π
e−
(α2x+α
2
y)
2π f (µ, β)
∞∑
n=0
(
i2G′
)n(
2π
)− γ24πn × [β
π
e2f (µ, β)
] −nD δm+m˜,n
m!m˜!
(−1)m˜×
∫ m∏
ℓ=1
d2zℓ
∫ m˜∏
k=1
d2z˜k
∑
{λℓ}m
∑
{λ˜k}m˜
〈0, 0˜|T
(
Σ(x;β)Σ∗(y;β)
m∏
j=1
W (zj , β, λj)
m˜∏
k=1
W˜ (z˜k, β, λ˜k)
)
|0˜, 0〉 . (A.2)
The Wick’s theorem can be extended to generalized time-ordered product of Wick-ordered exponentials and we
obtain (〈· · ·〉 ≡ 〈0, 0˜| · · · |0˜, 0〉)
〈0, 0˜|T
(
Σ(x;β)Σ∗(y;β)
m∏
j=1
W (zj , β, λj)
m˜∏
k=1
W˜ (z˜k, β, λ˜k)
)
|0˜, 0〉 =
〈T (Σ(x;β)Σ∗(y;β))〉 m∏
j=1
〈T (Σ(x;β)W (zj ;β, λj))〉 m˜∏
k=1
〈T (Σ(x;β)W˜ (z˜k;β, λ˜k))〉×
m∏
j=1
〈T (Σ∗(y;β)W (zj ;β, λj))〉 m˜∏
k=1
〈T (Σ∗(y;β)W˜ (z˜k;β, λ˜k))〉×
m∏
ℓ′>ℓ
〈T (W (zℓ;β, λℓ)W (zℓ′ ;β, λℓ′))〉 m˜∏
k′>k
〈T (W˜ (z˜k;β, λ˜k)W˜ (z˜k′ ;β, λ˜k′ ))〉×
m∏
j=1
m˜∏
k=1
〈T (W (zj ;β, λj)W˜ (z˜k;β, λ˜k))〉 . (A.3)
We use that
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〈T (:e iaΦ(x;β): :e ibΦ(y;β):)〉 = e−ab〈TΦ(x;β)Φ(y;β)〉 ,
and the propagators of the scalar thermofields can be written [26, 27] as follows (use was made of (2.28))
〈0, 0˜|TΦ(x;β)Φ(y;β)|0˜, 0〉 = 1
π
z (µ, β) − 1
2π
ln
( µ
2π
)
− 1
4π
lnΩ(x − y;β)
=
1
2π
f (µ, β) +
1
2π
ln(2β) − 1
4π
lnΩ(x − y;β) , (A.4)
〈0, 0˜|T Φ˜(x˜;β)Φ˜(y˜;β)|0˜, 0〉 = − i
2
+
1
π
z (µ, β) − 1
2π
ln
( µ
2π
)
− 1
4π
ln Ω˜(x˜ − y˜ ;β)
= − i
2
+
1
2π
f (µ, β) +
1
2π
ln(2β) − 1
4π
ln Ω˜(x˜ − y˜ ;β) , (A.5)
〈0, 0˜|TΦ(x;β)Φ˜(y˜;β)|0˜, 0〉 = − 1
2π
f (µ, β)− 1
2π
ln(2β) +
1
4π
lnΩ(x − y˜ − i β
2
) , (A.6)
where the space-time dependent functions are given by
Ω(x− y;β) = (2iβ)2 sinh
[π
β
(
x+ − y+ − iε(x0 − y0)
)]
sinh
[π
β
(
x− − y− − iε(x0 − y0)
)]
(A.7)
Ω˜(x˜− y˜;β) = (2iβ)2 sinh
[π
β
(
x˜+ − y˜+ + iε(x˜0 − y˜0)
)]
sinh
[π
β
(
x˜− − y˜− + iε(x0 − y0)
)]
(A.8)
Ω(x − y˜ − iβ
2
) = (2iβ)2 sinh
[π
β
(
x+ − y˜+ − iβ
2
)]
sinh
[π
β
(
x− − y˜− − iβ
2
)]
. (A.9)
Using that
m∑
ℓ′>ℓ
λℓλℓ′ +
m˜∑
k′>k
λ˜kλ˜k′ −
m∑
ℓ
λℓ
m˜∑
k
λ˜k =
1
2
( m∑
ℓ
λℓ −
m˜∑
k
λ˜k
)2
− n
2
,
we obtain the expression (3.41) for the phonon two-point function.
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